
 

MATH5061 Lecture 2 Jan 20

Problem Set 1 due next wed via Blackboard

Last time abstract manifolds smooth maps etc

Recall A smooth map f Mm N is immersion submersion

at p e M iff d 40 fool is 1 11 onto
you
in any charts around pc M and ftp c N

Locally by IFT in some local word

immersion f Xi Xm Xi Xm O
men

submersion f Xi Xm Xi Xn

m n

Def't f M N embedding
iff f is an immersion and f M f M homeomorphism
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Tangent Bundle
PpMotivation Mm E 112Mt submanifold

mtk Tpm 7 smooth CE E M sit
Bz m Tflp fico Tpm f VE B eco p do v
M o c'co

µ
Note TpM is an mm dime subspace in Bmt's

Two ways to describe this subspace

G locally M f o for some f UEBmt IRK
mR T Tpm Ker Ifp dim meh k m

I
locally parametrization 9 W EIRM 7 ME1pm

Tpm dg Rm dim _m

How to define TPM in the setting of abstract manifolds

Def't Let p e M Given cnn.es Ci Ii M i 1.2 where

Ii Iz E IR open intervals containing o s t CirCo p Cz o

m
goC B

M 440

1 Ooh

We say C Cz Iff 7 chart U 9 around p s t

EIThis is an
equivalencerelation 0 0 G o E yo Cz o inside IR

TPM f c c M unrest Clos p



Remark Tpm on dim't abstract vector Space

The relation above is chart independent
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Tangent Bundle T
of M disjoint union

Thm TM is a smooth manifold of dim 2 dim M

why Desribe the local charts for TM
M Tpm
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Vector Bundles

Def A vector bundle of rank m consists of a map
totalspace basespace Notation

T1 E B
pi E

St 1 E B smooth maps IT smooth onto ft
2 7 open cover Uilic I of B and B

diffeo hi a Ui Ui xD
local
trivializations St hi tix Cx x Rn

3 The transition maps hi ohj Minaj x 43 Uinu xRn

are diffeomorphisms of the form

hi ohj X v x Gija V

where 9ij U.inUj GLChCR smooth in x
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Examples cis Mx IR trivial bundle

ii TM is a rank in vector bundle where in dim M
Cc

m a

IR TM a cp.ir local trivialization

hi a lui Mixer
T L u u
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M F P
gig d fjooli e Gun BUi.fi chart Ficus

on M

of rank n
Def'd A vector brindle T1 E B is trivial

if I diffeo h E 3 B x B s t it is fibernise

linear isomorphism ie h Tico 3 1 1 42

Def'd A smooth map S B E is called a section of the

vector bundle T1 E B it to S id B
Scac CTick R
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Vector Fields on manifolds

Let Mmbe a smooth M manifold tangent bundle TM

Def A vector field on M is just a section X M TM

of the tangent bundle TM

Notation T TM sections of TM D dim'd vectorspace

Def't Pushforward of tangentvectors

Given smooth map f M N and P E M

then 7 a linear map differential of f at p

Afp Tom T N
fCp

definedby Ifp Cho fo c o where C I 7M CG p

Note Afp is indeep of the choice of a representing ETPM

Chain Rule d go f p dgfcp o dfp
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Digression Vector Fields on 8 p

E B unit spherecentered at 0

1 f p v E s xD I p v put
_o

T TSM X 8 CR smooth1 sp Xcp o VPE'S

Thus TM trivial 7 m linearlyindep vectorfields on M

Def't M is parallelizable if TM is trivial

HardThan 1 All closed orientable 3 manifolds are parallelizable

Hard Than 2 Sin is parallelizable iff n 1 3 and 7
EE

1hm Higher dim't Hairy Ball Theorem xD I

Any X E FCT's must vanish somewhere when he is even

Remarks a Thin TSA is NIT trivial when he is even

he 2 follows from Poincare Hopf Thmi

2 indexXcp X S2 2 to
PEM
Xcp1 0

Sketchof Proof n 4 Milnor

Suppose 7 nowhere vanishing vector field X on 8
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